Lessons HE-Hp

Math 70 11.7 & 11.8 Maximum and Minimum Problems with Quadratic Functions
and GO Bt Use GCHp -find max/ovmin .

Objectives: - .
1) Use the vertex formula to find the vertex of a quadratic function f(x) =ax” +bx+c.

a. x-coordinate h= ——2b—,y-coordinate k= f(h)
a

2) Identify whether a quadratic function f(x) = ax® + bx+c or f(x) = a(x—h)*> + k has a maximum or

minimum value.
3) Use the vertex formula to find the maximum or minimum value of a quadratic function.
a. Aquadratic function has only one - either a maximum or a minimum, not both.
b. The max or min occurs at the vertex.

CAUTION: Vocabulary for the maximum/minimum and its location are important because it tells you
which coordinate of the vertex is the answer to the question.

¢. The maximum or minimum value is the y-coordinate of the vertex, y = k = f(h), becauseitis
the maximum function value or minimum function value.

d. The location of the maximum or minimum is the x-coordinate of the vertex. x=h= —2i
a

4) Use the vertex formula to solve maximum/minimum word problems.

NOTE: The question “find the maximum or minimum” is a general problem. In Math 70, we only do this for
quadratic functions, so in Math 70, the key words “Maximum?” or “Minimum” connect to “Vertex Formula”.

Practice and Examples

1) Does h(t) =-16t* +10¢ +100 open upward or downward? Does A(t) =-16¢> +10¢ + 100 have a
maximum or minimum? Why?

2) Anobjectis thrown upward from the top of a 100-ft cliff. Its height h in feet above the base of the cliff
after t seconds is given by h(r) = —161% +107 +100 . Find the maximum height of the object and the
number of seconds it took to reach that max height.

3) Does C(x) = 2x* +-800x + 92000 open upward or downward? Does C(x) = 2x” +-800x + 92000 have
a maximum or minimum? Why?

4) The cost C of manufacturing x bicycles at Holladay’s Production Plant is given by the function
C(x) = 2x* +-800x + 92000
a. Find the number of bicycles that must be manufactured to minimize the cost.
b. Find the minimum cost.



5) The Utah Ski Club sells calendars to raise money. The profit P, in cents, from selling x calendars is
given by the equation P(x) = 360x — x*.
a. Find how many calendars must be sold to maximize profit.
b. Find the maximum profit.

6) Find two numbers whose sum is 60 and whose product is as large as possible. [Hint: Let x and 60-x be
the two positive numbers. Their product can be described by the function f(x) = x(60 - x).]

7) The length and width of a rectangle must have a sum of 40 cm. Find the dimensions of the rectangle
that will have the maximum area.

8) Methaneis a gas produced by landfills, natural gas systems, and coal mining that contributes to the
greenhouse effect and global warming. Projected methane emissions in the US can be modeled by the
quadratic function f(x) = -0.072x? +1.93x +173.9, where f(x) is the amount of methane produced in
million metric tons and x is the number of years after 2010.

a. According to this model, what will US emissions of methane be in 2019? (Round to two decimal
places.)

b. Will this function have a maximum or a minimum? Explain.

c. Inwhat year will methane emissions in the US be at their maximum/minimum? Round to the
nearest whole year.

d. Whatis the level of methane emissions for that year? (Use your rounded answer from part c.)
(Round this answer to 2 decimal places.)

Extras:
9) Find two numbers whose sum is 11 and whose product is a large as possible.
10) Find two numbers whose difference is 10 and whose product is as small as possible.
11) Find two numbers whose difference is 8 and whose product is as small as possible.
12) The length and width of a rectangle must have a sum of 50. Find the dimensions of the rectangle that
will have maximum area. v
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T1-84+ GC 32: Maximum or Minimum of a Quadratic Function

Objectives: Review the direction of a parabola and the sign of its leading coefficient
Identify which functions will have maxima (minima) from leading coefficients
Recognize the maximum (or minimum) function value as the y-coordinate of vertex
Find approximate maximum and minimum values using the GC

A Quadratic Function has a squared x, or a degree 2 term, and passes the Vertical Line Test.
General Form: f(x) = ax* + bx +c, where a, b, and c are constants, a = 0.
Standard Form: f(x)=a(x~h)* + k, where a, h, and k are constants, a = 0, and (h,k) are the

coordinates of the vertex.
If a>0, the parabola opens upward. If a<0, the parabola opens downward. a is called the leading

coefficient.
The vertex of a quadratic function can be found using the vertex formula: Find the x-coordinate first

x= _Eb_’ then evaluate the function at the x-value found: y = f(— zij
a a

1) What is the leading coefficient of f(x) =0.5x* -8x+35? Does f(x)=0.5x" —8x+35 open
upward or downward?

2) Find the exact vertex of f(x)=0.5x> —8x+35.

3) What is the leading coefficient of f(x)=-~2x> +20x-527 Does f(x)=-2x*+20x~52 open
upward or downward?

4) Find the exact vertex of f(x)=-2x>+20x-52.

5) What is the leading coefficient of f(x)=-~x*+10x—4.75? Does f(x)=-x*+10x—4.75 open
upward or downward?

6) Find the exact vertex of f(x)=—-x* +10x~4.75.

Copyright 2011 by Martha Fidler Carey. Permission to reproduce is given only to current Southwestern College instructors and students.
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When graphing, we plot points (x, y) where y = f(x). This means that the y-coordinate is the

function value. When we seek the maximum value of a function, we are seeking the largest y-
coordinate on the graph, or the highest point. When we seek the minimum value of a function, we
are seeking the smallest y-coordinate on the graph, or the lowest point.

Sometimes a question will ask you for the x-coordinate at which the maximum (or minimum) occurs.

When the graph of a quadratic function opens downward, the y-coordinates have a maximum value,
which occurs at the vertex. The y-coordinates do not have a minimum value, because the graph
continues infinitely down, off the page. *“Infinity” is not a number, so it's not a minimum.

\

a<0, down . a>0, up

When the graph of a quadratic function opens upwards, the y-coordinates have a minimum value,
which occurs at the vertex. The y-coordinates do not have a maximum value, because the graph
continues infinitely up, off the page. “Infinity” is not a number, so it's not a maximum.

7) Can a quadratic function have both a maximum value AND a minimum value?
8) Can a quadratic function have NEITHER a maximum value nor a minimum value?

9) If the leading coefficient is a positive number, does the quadratic function have a maximum or a
minimum? If the leading coefficient is a negative number, does the quadratic function have a
maximum or a minimum?

10) Is the maximum value of a quadratic function the x-coordinate or the y-coordinate? Is the
minimum value of a quadratic function the x-coordinate or the y-coordinate?

11)  What do we call the point were the maximum value of a quadratic function occurs? What do
we call the point were the minimum value of a quadratic function occurs?

12) Does f(x)=0.5x* —8x+35 have a maximum or minimum value?

Copyright 2011 by Martha Fidier Carey. Permission to reproduce is given only to current Southwestern College instructors and students.
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To find the approximate minimum value using the GC, use Minimum, in the CALC menu, which is
2" TRACE.

To find the approximate maximum value using the GC, use Maximum, in the CALC menu, which is
2" TRACE.

Both of these functions are three-step calculations.

Step 1: Identify a value of x which is less than (to the left of) the vertex (Left Bound)

Step 2: Identify a value of x which is greater than (to the right of) the vertex (Right Bound)

Step 3: Identify a value of x which is close to the vertex (Guess)

If you cannot see the maximum or minimum value in the GC window, the GC can't find it.

13)  Find the approximate minimum value of f(x)=0.5x* —8x+ 35 using the GC.

Enter the function in the Y= menu and graph in a standard window:

Flotl Flotz Flot3
“MiB. 3¥Z-8K+35
M=
WWa=
W=
“Ye=

200M [ 6 ]:::jg:

Make sure you can see the vertex on the screen — if not, adjust the window.

Begin the Minimum calculation:

=
5=U35UE

2 ZerQ
Mitimum
T MaEximum
Stintersect

RIS T

Step 1: Move to the left of the vertex to mark the left bound:
The coordinates of the cursor are displayed at the bottom of the screen.

If x is too small, use . If x is too large, use

ENTER
Look before you press enter — make sure the cursor is left of the vertex!

Step 2: Move to the right of the vertex to mark the right bound:

Look before you press enter — make sure the cursor is right of the vertex!

Step 3: Use last point as the guess:
ENTER '

Write down the minimum value — the y-coordinate of the vertex.
Copyright 2011 by Martha Fidler Carey. Permission to reproduce is given only to current Southwestern College instructors and students.
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14)  Find the approximate vertex of f(x)=—2x* +20x~52 using the GC.

Enter the function in the Y= menu and graph in a standard window:

(@) 2 () 2) 0]
) 4

Make sure you can see the vertex on the screen — if not, adjust the window.

;[ “‘)[75 J[ 2 ]

Begin the Maximum calculation:

=
E“JEELIE'

2izero
SEminimum
almax 1 mum
:intersect
61 oy dx
raIfixddx
Step 1: Move to the left of the vertex to mark the left bound:

The coordinates of the cursor are displayed at the bottom of the screen.

If x is too small, use . if x is too large, use

ENTER
Look before you press enter — make sure the cursor is left of the vertex! D

Step 2: Move to the right of the vertex to mark the right bound:
ENTER
Look before you press enter — make sure the cursor is right of the vertex! [:]

Step 3: Use last point as the guess:

Write down the maximum value — the y-coordinate of the vertex.

15) Does f(x)=-x+10x—-4.75 have a maximum or minimum value? Find the approximate
value using your GC.

16) Does f(x)=1.2x*—-11x-26 have a maximum or minimum value? Find the approximate
value using your GC. Round to the nearest hundredth.

Copyright 2011 by Martha Fidler Carey. Permission to reproduce is given only to current Southwestern Coliege instructors and students.
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1) a=0.5, up
2) V(8,3)

3) a=-2, down
4) V(5,-2)

5) a=-1, down
6) (5,20.25)

7) no

8) no

9) a positive (upward), minimum; a negative (downward) maximum
10) y-coordinate, y-coordinate

11) vertex, vertex

12) a=.5, positive (upward), has minimum

¥1=2.5H2-8H+23E \/ '|"l=.5!-i-'~‘-ﬂi-ii-35L K‘ Yi=.5d2-BH+2E \b\;
: ]

9
3

PP T Py P M b Py o=

[ s
oungd? | Guess? 1
17021 y=2. 8271153 B=8.3817021 1¥=3.9271163

L ? Ridht
13) A=6.2829787 IV=4.39737H9 #=8.3

R

u
00000E 1Y=2 minimum value 3.

Yi=-2Rz+20u~E2 ¥1i=-zHz+208-52 Ti=-ZHz+208-5F2

144

55
E.7446H09 1¥=-Z.105098

Left Bound? L
#=3.8170213 IY=-E.B2E26 #

r
9

L Gu
14) 3.68170213 ¥=-5 BzEZE #=

9
1
b

3
3

HEIiI"‘II.II\'I . /\ .
4250000002 i¥="2 maximum value -2

/
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. Flotl Flotz Flot: i
‘ B -KE+108X-4.75 '

Me= ——— T
“Wa= x
shy=
“Ye=
15) a = -1 (downward), maximum value. [*Y&=

W INDOW ?}]!!El!ﬂ]:
Amin=-18 fvalue

Xmax=18 2:zero
¥scl=1 3 Minimum
Ymin=-18 Mmaximumn
Ymax=258 fintersect
Yscl=1 &l dysdx
dres=1 FarfCxadx
¥1= -Hz+10%-4,75 V= -Hz+108-4.75 , ¥z -Rze108-4,75 \

LeftEoundT
#=2.1914894 A¥Y=16.979289

ouUnd? GUgSE?
28787 (Y=18.22737 H=e.2B29787 AY=1B.33737

maximum 20.25

Flotl Flotz Flots
sYBL. 2K2-11K-26
V=1 —— s ————
Y= ]
sWy= ]
o= ]
16) a=1.2 (upward), minimum value [*Y&=
WINDOW NI W AN
Rmin=-18 [
xmax=28
necl=1
Ymin=-68
Ymax=10
¥scl=3 Miniraury
Xres=1 #=4.5B22342 ¥=-FL.20822 | minimum value to

nearest hundredth: -51.21

Copyright 2011 by Martha Fidler Carey. Permission to reproduce is given only to current Southwestern College instructors and students.
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TI-84+ GC 29: Graph to Paper: X-intercepts of Quadratic Functions

Objectives: Review quadratic functions, vertex, general and standard forms of the equation
Find the vertex of a quadratic function written in standard form
Find the exact x-intercepts of a quadratic function using algebra
Find approximate x-intercepts of a quadratic function using Zero on the GC
Draw a graph from a non-standard GC window on paper with labeled axes

A Quadratic Function has a squared X, or a degree 2 term, and passes the Vertical Line Test.
General Form: f(x) =ax’ +bx+c, where a, b, and c are constants, a = 0.

Standard Form: f(x)=a(x-h)* +k, where a, h, and k are constants, a = 0, and (h,k) are the
coordinates of the vertex.

If a>0, the parabola opens upward. If a<0, the parabola opens downward.

The vertex of a quadratic function can be found using the vertex formula: Find the x-coordinate first

x= _Eb—’ then evaluate the function at the x-value found: y = f(— EILJ
a a

To write general f(x)=ax’ +bx+c from standard f(x)=a(x—h)* + k: FOIL and simplify.

To write standard f(x) = a(x—-h)* + k from general f(x)=ax* + bx +c: complete the square.

When graphing a quadratic function, you must graph the vertex, plot at least four additional points,
and neatly draw the parabola. Instructions may also require you to graph x-intercepts. A parabola
is a rounded shape - there should not be a point at the vertex.

The axis of symmetry of a quadratic function is a vertical line through the vertex which divides the

graph in two mirror halves. lts equation is x = —zi, same as the x-coordinate of the vertex.
a

1) Find the vertex of f(x)=3(x—-20)" +5.

2) Find the vertex of f(x)=—-2x* +4x-5.

Recall: The x-intercepts of any equation or function are points where the graph crosses the x-axis,
having y-coordinate 0. To find the x-intercepts algebraically, set y=0 and solve for x. (If given f(x)
notation, replace it by 0.)

X-intercepts must be real numbers. If the algebraic result is imaginary, there are no x-intercepts.
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3) Find the exact x-intercepts of f(x)=3x’> —2x—1 using algebra.

4) Find the exact x-intercepts of f(x)=3(x—2)* +35 using algebra. (Hint: Use the square root
property.)

[ To find approximate x-intercepts using the GC, use Zerog, in the CALC menu, which is 2" TRACE. ]

5) Find the approximate x-intercepts of f(x)=3(x-2)* —5 using the GC. Round to nearest tenth.

Step 1: Enter the function in the Y= menu and graph in a standard window:

- IEB(3) (=) 2 )@ (=5 ](ewen]
@D

Step 2: Begm the Zero calculation

Step 3: Move to the left of the left x-intercept to mark the left bound:

) ' .
-’ Look before you press enter — make sure the cursor is left of the x-intercept! .

Step 4. Move to the right of the left x-intercept to mark the right bound:

» ENTER
Look before you press enter — make sure the cursor is right of the x-intercept!

Step 5: Use last point as the guess:

Re eat for the other x-intercept.

=) 2 OOIEEEI)

6) Find the approximate x-intercepts of f(x)=2x* ~5 using the GC. Round to nearest hundredth.

To find additional points on the parabola, select values of x that are close to the x-coordinate of the
vertex and evaluate the function for these values.
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3(x-20)* +5, what is the vertex? Make a table on your GC

3(x—20)* —5. Plot and label the x-intercepts.
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If graphing the function f(x)

7

and use it to find two additional integer pairs you could plot on the graph. (Hint: Make TbiStart

x-coordinate of the vertex.)

8) Neatly graph f(x)

Step 1: Find the vertex. (Use previous result.)

Step 2: Find exact or approximate x-intercepts using algebra or the GC

Step 3: Find two other points with integer coordinates. (Use previous result.)
Step 4: Look at all the points and decide location of the x-and y-axes.

Step 5: Determine scale for the axes. Draw and label axes.
Step 6: Plot the vertex and draw the axis of symmetry.

Step 7: Plot the points and use symmetry. Neatly connect points in a rounded parabola.
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Graph to Paper: X-intercepts of Quadrat

TI-84+ GC 29

Plot and label the x-intercepts.

3x?-2x-1.

Neatly graph f(x)

9

Sometimes integer values of x are hard to find. You found the vertex in a previous question.

(Hint: % appears a lot. Use it! You can make a GC table using AThl =1/3)

x values | y values

— for the value of one tick mark on the x-axis, and also on the y-axis.)

1
3

(Hint: Use scale
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Ti-84+ GC 33 Number of x-Intercepts and Zoom-In To Find Difficult x-Intercepts

Objectives: Use leading coefficient and location of vertex to identify number of x-intercepts

Use GC and knowledge of quadratic functions to find difficult x-intercepts

For each of the following scenarios, how many x-intercepts does the quadratic function
f(x)=ax’ +bx+c have? [Hint: Use the sign of the leading coefficient to imagine or draw the

direction the graph opens.]

1)
2)

3)

7)
8)
9
10)
11)

12)

a>0, vertex is below the x-axis. 4) a<0, vertex is below the x-axis
a>0, vertex is above the x-axis 5) a<0, vertex is above the x-axis
a>0, vertex is on the x-axis 6) a<0, vertex is on the x-axis

If the vertex is on the x-axis, what is its y-coordinate?

Use the vertex formula to find the vertex of y = x* +6.3x+9.9.

Is the vertex you found in the previous question above, below, or on the x-axis?
What is the leading coefficient of y = x* +6.3x+9.9?

How many x-intercepts does this function have?

Find the approximate x-intercepts of y = x* +6.3x +9.9 using the GC. Round to the nearest

thousandth, if necessary.

Step 1: Graph the equation:

|

(orex) Goon )6

Step 2: Zoom in on an x-intercept.
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Step 2a: Use option 2 under the ZOOM menu: Cj 2

Step 2b: Move the ZOOM cursor close to an x-intercept using L (, J or L ) J The
location of the ZOOM cursor will become the new center of the graph.

Step 2¢: Press .
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Step 2d: Since this graph is a hard one, you'll probably have to ZOOM in two more times
before you can see the x-intercepts clearly.

o) (2 T, (O (o) (oon)( 2 J{_ () [ )[ovm)

Step 3: Use Zero (in the CALC menu, which is the 2" function of TRACE) to find approximate value

of x-intercept.
(race)(_2 )

Step 3b: Press [ ( J or [ ) J to move the cursor to the left bound of the x-intercept.

ENTER
The press .

ENTER
Step 3c: Press to move the cursor to the right bound of the x-intercept. .

Step 3d: Press for the guess.

Result:

Step 3a: Begin the Zero calculation:

Step 4. Repeat steps 2 and 3 to locate the other x-intercept. Start in the standard window using
zoom 8.J.

Result:

13)  Find all the x-intercepts of f(x)=-2.35x" +0.927x. Round to the nearest thousandth if
necessary.

14)  Find all the x-intercepts of 7(x)= —;—(x—4.173)2 +0.005. Round to the nearest thousandth if

necessary.
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page 3

A b ON —~
Nt Nt vt vt vt o’

12)

TN

x-intercepts x =

_~NO-_20ON

y=0 for any point on the x-axis

)

8) V(-3.15,-0.0225)
9) below the x-axis
10) a=1,a>0
11)

two x-intercepts

NS

L~

o

v

%4=-2.978723 Y=0

I¥=-2.92E832 Y=0

H=-F.005318 Y=0

Yi=Hz+6.35+8.9

::nr-“”/

?1=H2+53H;53

__?‘!/

1’1:!{2'&5.33;5.5

o

___—-——ﬂ‘f-"/

Laft Eound?
¥=-3.031815 ¥=-.00B5559

Ridht Eound®
w==2.952101 Y=01280601

H= '2 552101 ¥=.01280601

2RFd

B3 Y=

AV

N

N

S

!

R=2-3.617021 ¥=0

‘Y4=-2.207872 Y=0

W=-3.257879 ¥=D

Yi=N2+6.25+59.9

‘1‘1=H2+}E.33+5.5

Ti=Hzrg.24+8.9
14 1

e N

Lft Eound®

H=-3.337766 Y=.01275605

e e

Ridkt Bound®

e

R=-3.261303 V=-.0i01iip

Guess?
R=-:281202 Y=-.0101116

-3,-3.3

“\[3;[53

- [CIEBE

<

Rz Y=

<

2&Fo

n=0 =0

2erd
= 29445808 [¥=0

-—~Xx-intercepts x =0, x~0.394 These can be found easily using algebra.

14)

The vertex is (4.173, .005), above the x-axis. a = ;- >0.

It has no x-intercepts.
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